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The subtle interplay between the two nuclear superfluids, 
isovector T=l and isoscalar T=0 phases, are investigated in 
an exactly soluble model. It is shown that T=l and T=0 pair- 
modes decouple in the exact calculations with the T=l pair- 
energy being independent of the T=0 pair-strength and vice- 
versa. In the rotating-field, the isoscalar correlations remain 
constant in contrast to the well known quenching of isovector 
pairing. An increase of the isoscalar (J=l, T=0) pair-field 
results in a delay of the bandcrossing frequency. This be- 
haviour is shown to be present only near the N=Z line and 
its experimental confirmation would imply a strong signature 
for isoscalar pairing collectivity. The solutions of the exact 
model are also discussed in the Hartree-Fock-Bogoliubov ap- 
proximation. 
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There is overwhelming evidence that the isovector, 
T=l pairing field among identical nucleons is an essen- 
tial component of the nuclear mean-field potential. The 
bulk of nuclear ground-state properties, like the odd-even 
mass differences and the moments of inertia of deformed 
nuclei can be accounted for by considering nucleons to 
be in a superfluid (T=l, J=0) paired-phase These 
effects have been studied mostly in heavier nuclei with 
N>Z, where the Fermi surfaces of protons and neutrons 
lie in different major shells. 

In recent years, however, due to a substantial progress 
achieved in the sensitivity of the detecting systems it has 
been possible to study nuclei near the N=Z line in the 
mass A=70 and 80 regions. Furthermore, with the avail- 
ability of radioactive beams these studies are expected 
to reach even heavier N=Z nuclei. For these nuclei, one 
expects the pairing between protons and neutrons to be- 
come important, since the Fermi surfaces of both protons 
and neutrons lie in the same major shell. 

The role of the isovector T=l pairing between protons 
and neutrons in the low-spin regime has been discussed 
in recent studies by |^,|| . The importance of the isoscalar 
T=0 pairing can be inferred from masses and studies 
of high-spin states However, most of these studies 

are based on the mean-field approximation which pre- 
dict a transitional behaviour for rotating nuclei for the 
T=l and T=0 pair-fields as a function of the rotational 
frequency and the strength of the T=0 interaction . 

The purpose of the present study is to examine prop- 
erties of the isoscalar and isovector correlations within 
an exactly soluble model of a deformed sinlge-j shell and 
to compare to the predictions of the mean-field HFB ap- 
proximation. The observable consequences of the T=0 



pair-field which have remained illusive are also discussed 
in the present study. 

The model hamiltonian consists of a cranked deformed 
one-body term and a scalar two-body interaction MM 



H' = h' + V2, 



where, 



with 



h' = h, 



def — ^Jx, 
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hdef = < j\Y2a\i > Sr^T^Sm^mjCjCi. (3) 



The labels denote the magnetic quantum-number 

(to) of the j- shell and the isospin projection quantum- 
number T [t—1/2 (neutron) and -l/2(proton)]. The de- 
formation energy k is equal to the usual deformation pa- 
rameter (3 hy K = 0.\QfiLd{N + 3/2)/? in units of G (ref. 
pO|). The two-body interaction in Eq. 1 is given by 
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{A^jM-TT ^^''^ antisymmetric- normalized two- 
body matrix-element {Ejj,), we use the delta-interaction 
which for a single j-shell is given by [ni| 
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where the bracket [ ] denotes the Clebsch- Gordon coef- 
ficient. 

As mentioned in the introduction, one of the objectives 
of the present work is to investigate the HFB approxi- 
mation. In the following, we present some basic HFB 
formulae, for details see for instance ref. [|l2|. The HFB 
equations are given by 
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< i\hdef\j > -{\Z + XnN + ujm.i)5.ij, 
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dence of the pair-energy, we define the coupled pair-field 
through 



A,; 
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he pair-energy can now be expressed in terms of the 
)upled pair-fields as 
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The above expression is quite useful since in the exact 
calculations there is no gap parameter A, but one may 
associate "E'pair" with the expectation value of the two- 
body residual interaction, V2, EqJ| To obtain the A- value 
from the exact analysis, Eq.|l^ is then simply inverted. 

The HFB solutions have been obtained by solving the 
Eqs. d^p^ self-consistently. In order to treat both the 
T=0 and the T=l pair- fields simultaneously, it is neces- 
sary to define complex HFB potentials, since the sym- 
metries of the T=l and T=0 n-p fields are different p3[ . 
The initial complex HFB wavefunctions have been con- 
structed by using the expressions for real and imaginary 
and C/'s of the HFB transformation in terms of the 
pair-gaps |l3[ . We would like to mention that no symme- 
try restrictions have been imposed on the HFB wavefunc- 
tion since it is known that symmetries lead to exclusion of 
particular correlations. For more details concerning the 
HFB-transformation in the presence of both T=l and 
T=0 pairing, we refere the reader to refs. |l4,15[. 
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FIG. 1. The exact single-j shell model pairing-gaps as a 
function of the T=0 strength for a system with 2-protons and 
2-neutrons in jiji shell. 

Several mean-field studies show that the T=0 and T=l 
pairing-modes are exclusive in the BCS-approximation 
[Q,^. The system is always choosing the mode that 
generates the lowest energy, which in the case of equal 
weight for each pair results in either T=0 and T=l pair- 
ing 1^. In the presence of approximate particle- number 
projection, the two modes coexist, but only above a crit- 
ical strength 1^,01. Using a more complex model space 
also results in the possibility of mixed solutions 
The question, therefore, arises whether the exclusiveness 
is persistent in an exact model. Fig. 1 shows the size 
of the T=l correlations as a function of increasing T=0 
strength in the exact analysis. The figure clearly shows 
that the two modes are essentially independent. There 
is no critical strength for either pairing mode and there- 
fore one expects to have both modes present in nuclei. 
From this we can conclude that the exclusion between 
the two modes is a mean- field effect. It also implies that 
atomic nuclei exhibit the unique possibility of exhibiting 
two different pairing condensates simultanously. 
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m Hi. The difTerent pair-fields appear as independent 
of eacli other. Our results further indicate, that for a 
certain strength of the Gt=o psiiv field, energy can be 
gained. This conforms with earlier results to associate 
the Wigner energy with T=0 pair correlations m . 
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FIG. 2. The HFB pairing energy for 4-protons and 4-neu- 
trons as a function of the T=0 strength. 

In order to explore further the mutual exclusiveness of 
the T=l and T=0 pair- fields obtained in earlier studies, 
we have studied the HFB solution as a function of the 
strength of the T=0 interaction. The results are pre- 
sented in Fig. 2. For the normal strength Gt=o — 1, the 
solution corresponds to a T=l pair-field. With increasing 
Gt=o the HFB energy remains constant which is obvious 
since the solution has only the T=l component and there 
is no T=0 component. The T=0 solution shown in Fig. 
2 has been obtained by solving the HFB equations for a 
very large value of Gt=o {Gt=o — 2.8) and then using 
this solution for lower values of Gt=o- In this manner, 
it was possible to obtain a T=0 solution also below the 
critical point, see Fig. 2. We note from Fig. 2 that the 
two solutions coexist for most of the Gt=q values. They 
represent two different solutions of the HFB equations. 

The exact solution, presented in Figs. 1 contains both 
the T=0 and T=:l pair-modes, whereas HFB gives two 
separate solutions, corresponding to either T=0 or T=l 
pair-fields. The difference between the two models resides 
in the fact that in the exact model, the two-body interac- 
tion always is a scalar whereas in the HFB-aproximation, 
the pairing potential is either a T=0 or T=l field, with 
the corresponding symmetry. Our analysis shows that 
starting from a certain solution, with a given symme- 
try, this symmetry propagates to the next solution (with 
different Gt=o), analoguous to other self-consistent sym- 
metries of the HFB hamiltonian, see e.g. the discussion 
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FIG. 3. Behaviour of the exact shell model pair-gaps as a 
function of rotational frequency hu; for 2-1-2 particles in the 
/7/2 shell. The solid (dashed) lines represent the T=l (T=0) 
part of the pairing-energy. For the case of T=0, we show all 
individual components of the force, clearly demonstrating the 
importance of the different J's. In contrast, the T=l force is 
dominated by the J=0 component. 

As a next step, we consider the response of the nuclear 
pair-potential to the rotating fields. In Fig. 3, we show 
the total pair-field (Eq. 15) as well as selected individual 
(J, T) contribution as a function of the rotational fre- 
quency ( hu) ) for 4 particles (2 protons and 2 neutrons) in 
the /7 /2 shell. First of all, we may note the distinct differ- 
ence between the T=l and T=0 pairing fields. Whereas 
the T=l field is dominated by one component with J=0, 
the T=0 mode is dominated by the J=l and J — 2j part 
of the interaction, also the intermediate spins J = 3, 5 
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play a role. This already indicates that a discussion of 
a pairing force restricted to L = may be appropriate 
for the T=l part of the interaction, but not for T=0, see 
also ref. 

As we increase the rotational frequency, the T=l 
pairing-correlations (solid line) reveal the well known 
drop due to particle-alignment from the /7/2-shell at 
around huj = 0.7G. At this crossing point, the yrast 
band changes character from the paired (J = 0) configu- 
ration to the aligned (J = = 6 -|- 6) state. 

Similar calculations were performed also for the case 
of the (4-1-2) and (4-1-4) systems. Qualitatively, they all 
show the same trend, where of course the size of the drop 
in correlation energy depends on the number of particles 
present in the single-j shell. For (4-1-2) system, the cor- 
relations of the J=0 component only for one-pair disap- 
pear whereas the drop for the 4-t-4 particles is less pro- 
nounced. This is due to the fact that only one-proton 
and one-neutron pair have aligned at the first crossing. 
Hence, the J=0 correlations are still active for the re- 
maining two-pairs. For higher frequencies, the next pair 
will align, and then the J=0 (and in consequence) the 
T=l correlations will drop in a similar fashion as for the 
system with one-proton and one-neutron pair only. The 
important message remains, as is evident from Fig. 1, 
that the T=l field is largely built up from the J=0 pair- 
correlations, that are diminished in the process of parti- 
cle alignment. Although, the components with higher- J 
contribute at higher values of angular-momentum, the 
T=l correlations are strongly reduced by the rotational 
motion. 

In contrast, the T=0 correlations evolve quite differ- 
ently with rotational frequency. The contribution of the 
coupling to low- J, like the J=l pairs, behave similar to 
the coupling to J=0. This is quite natural, since they 
are built up by pairs of L = and L = 2. However, 
although the contribution of the J=l to the T=0 corre- 
lations drop in a similar fashion as the J=0, the value of 
the total T=0 correlations remain essentially unchanged. 
Apparently, the part that is lost by J=l and J = 3 is 
gained by J = 7 and J = 5. This implies, that the high- 
J components of the T=0 correlations compensate the 
loss of the low- J. This feature appears to be indepen- 
dent of the number of particles in the system. It means 
that for a given interaction in the pp-channel, the total 
T=0 correlations remain almost unaffected by rotation. 
The presence of increasing L-values in the pairing field 
will affect deformation properties. This is what one ex- 
pects in a fully self-consistent approach, which of course 
is beyond our present model analysis. Note that a recent 
analysis within the Monte Carlo Shell model shows that 
at high angular momenta, the T=0 correlations with 2j 
increase ]19| . 

From the above analysis, one may conclude that the 
T=0 correlations are not able to affect rotational proper- 
ties, since the increase in the stretched J = 2j component 
is exactly nullified by the decrease of the J=l part, see 
also the discussion in Ref. |M. Indeed, these are the re- 



sults e.g. for the /7/2 shell where one is dealing with a 
"single-j" shell. However, in heavier nuclei, when Z > 28, 
the active shell is composed of, e.g., P3/2, /5/2, pi/2 and 
gg/2- For those cases, the 3=1 part of the T=0 inter- 
action becomes more coherent, since every subshell can 
contribute. In contrast, the J = 2j components become 
fragmented, since they have a different value for each 
subshell. Therefore, one may expect a different response 
of the T=0 pair field to rotation in heavier nuclei. Since 
we are dealing in our model with a single-j shell it is not 
possible to deal with such a case. One may, however, 
mimick in an adhoc way the region beyond Z = 28 by 
increasing the strength of the J=l part of the interaction. 
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FIG. 4. The dynamical momentof inertia, — dl/duj, as 
a function of frequency. Solid line correspond to standard 
single-j shell calculations, whereas the dashed line depicts the 
case where the J=l part of the interaction is increased by a 
factor of 2. Note the difference between the 4-1-4 and the 4-1-2 
system 

The effect of a redistributed strength of the T=0 corre- 
lations, where the J=l part has been increased by a factor 
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of two, is shown in Fig. 5. Indeed, the crossing frequency 
is shifted. In other words, a coherence of J=l, T=0 pairs 
results in a change of the crossing frequency. What is 
even more striking is that this effect is suppressed when 
N ^ Z. In Fig. 5, we show the case of (2+4) nucleons 
in the f-!/2 shell and, indeed, the first crossing frequency 
remains essentially unchanged. This feature persists also 
in the HFB approximation. Although our model is highly 
simplistic, one can certainly conclude that T=0, J=l col- 
lectivity results in a shift of the crossing frequency to 
higher values and that this property is expected to be 
present also in more realistic calculations. Of course, as 
discussed above, there are other factors that affect the 
crossing frequency, like the deformation which in turn 
can be influenced by the T=0 pairing field. 

A shift of the crossing frequency has been reported for 
the case of the N=Z nucleus ^^Kr There have been 
efforts to explain this shift of the crossing in terms of 
T=l np-pairing. Since to a very good approximation, 
the nuclear force is charge independent, only the total 
isospin T matters for the interaction, not the projection 
of isospin (T^). This is analoguous to the assumption 
that the nuclear force does not depend on the angular- 
momentum projection Jz, only on total J. This basic 
assumption implies that the T=l pair-gaps are not af- 
fected by rotation in isospace, i.e. the total T = 1 pair 
gap (A^„ + + A^ ) is an invariant quantity |@,gO|. 
In an attempt of Ref. [g3| to account for the shift of the 
crossing frequency, the T=l A„p pair-gap was simply in- 
creased from to a value of 2.5 MeV. Such an increase 
strongly violates charge independence. Following the ar- 
guments given above, one could as well increase the nn- 
or pp-pairing gaps. Of course, any increase of the T=l 
pairing energy will result in a shift of the crossing fre- 
quency but this has nothing to do with np-pairing. 

In summary, we have studied the competition between 
the T=0 and T=l pair-fields in an exactly soluble de- 
formed single-j shell model. It is shown that the HFB ap- 
proach gives rise to two decoupled solutions correspond- 
ing to T=l and T=0 modes. Although, in the exact shell 
model analysis, the solution contains both T=0 and T=l 
modes, the two modes are independent with T=l pair- 
energy independent of the strength of the T=0 correla- 
tions and vice-versa. The T=0 correlations in a single-j 
shell have a complex structure where the total amount 
is not affected by rotation. For realistic cases in heavy 
nuclei (Z>28), with several j-shells, the J=l part will 
effectively acquire a larger strength. It has been demon- 
strated that increasing the value of the (T=0, J=l) pair- 
strength results in a shift of the bandcrossing frequency. 
Such a shift of the crossing frequency in heavy N=Z nu- 
clei, therefore, is an indication of the collective (T=0, 
J=l) correlations. 
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